We study the global existence and the global nonexistence of a non-Newtonian polytropic filtration system coupled via nonlinear boundary flux. We first establish a weak comparison principle, then discuss the large time behavior of solutions by using modified upper and lower solution methods and constructing various upper and lower solutions. Necessary and sufficient conditions on the global existence of all positive weak solutions are obtained.
Introduction
In this paper,we consider the following Neumann problem: with k 1 , k 2 > 0, α, β ≥ 0, p, q > 0. In 11 , they obtained the necessary and sufficient conditions to the global existence of solutions for 0 < k 1 , k 2 ≤ 1. In 12 , they considered the case of k 1 > 1 or k 2 > 1 and obtained the necessary and sufficient blowup conditions for the special case Ω B R 0 the ball centered at the origin in R N with radius R . However, for the general domain Ω, they only gave some sufficient conditions to the global existence and the blowup of solutions.
In 2 , Wang considered the following system with nonlinear boundary conditions:
with λ > 0. They obtained the necessary and sufficient conditions on the global existence of all positive weak solutions. Sun and Wang in 13 studied the nonlinear equation with nonlinear boundary condition
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Zhongping Li et al. The main purpose of this paper is to study the influence of nonlinear power exponents on the existence and nonexistence of global solutions of 1.1 -1.3 . By using upper-and lowersolution methods, we obtain the necessary and sufficient conditions on the existence of global weak solutions to 1.1 -1.3 . Our main results are stated as follows. The rest of this paper is organized as follows. Some preliminaries will be given in Section 2. Theorems 1.1-1.4 will be proved in Sections 3-5, respectively.
Preliminaries
As it is well known that degenerate and singular equations need not possess classical solutions, we give a precise definition of a weak solution to 1.1 -1.3 . 
iii for any positive two functions
2.1
In particular, u x, t , v x, t is called a weak solution of 1.1 -1.3 if it is both a weak upper and a lower solution. For every T < ∞, if u x, t , v x, t is a solution of 1.1 -1.3 in Q T , we say that u x, t , v x, t is global.
Next we give some preliminary propositions and lemmas. 
Proof. For small σ > 0, letting ψ σ z min{1, max{z/σ, 0}}, z ∈ R, and setting ψ 1 ψ σ u − u , according to the definition of upper and lower solutions, we have
2.2
Define
As in 14 ,by letting σ→0 we get
that is,
where W max{W, 0}. Similarly, we have 
Using this fact, as in the above proof we can prove that
For convenience, we denote 0 < λ < 1 < λ, which are fixed constants, and let δ
Proof. Without loss of generality, assume α > m k 1 1 / m 1 . Consider the single equation
2.7
We know from 13 that w blows up in finite time. 
We have also |∇ϕ k x | ≥ E k provided x ∈ {x ∈ Ω : dist x, ∂Ω ≤ ε k } with E k C k /2 and some positive constant ε k . For the fixed ε k , there exists a positive constant
At the end of this section, we describe two simple lemmas without proofs. 
where ϕ x is a positive bounded function.
3. Proof of Theorem 1.1 
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In addition, we have
3.4
Similarly, we can get
Noting ϕ m ϕ n 0 on ∂Ω, we have on the boundary that
3.6
Since pq ≤ m k 1 1 / m 1 − α n k 2 1 / n 1 − β , there exist constants l 1 , l 2 large such that
3.7
By 3.3 -3.7 , we know that u, v is a global upper solution of 1.1 -1.3 . The global existence of solutions to 1.1 -1.3 follows from the comparison principle.
Then all positive solutions of 1.1 -1.3 blow up in finite time.
Boundary Value Problems
Proof.
For the above l 1 , l 2 , we set u
where
By a direct computation, for x ∈ Ω, 0 < t < c/b, we obtain that 
3.13
On the other hand, since −ye −y ≥ −e −1 for any y > 0, we have
3.14
We have by 3.10 , 3.13 , and 3.14 that u 
3.15
We follow from 3.10 , 3.11 , and 3.15 that u
Similarly, we can get v 
3.17
Moreover, by 3.8 we have that
Equations 3.9 , 3.16 -3.18 imply that
By similar arguments, we conform that u, v is a lower solution of 1.1 -1.3 , which blows up in finite time. We know by the comparison principle that the solution u, v blows up in finite time.
We get the proof of Theorem 1.1 by combining Proposition 2.3 and Lemmas 3.1 and 3.2. 
Proof of Theorems 1.2 and 1.3
Lemma 4.1. Suppose k 1 < m, k 2 ≥ n, α ≤ k 1 , β ≤ n k 2 1 / n 1 with pq ≤ k 1 − α n k 2 1 / n 1 − β .1/n e −Lϕ n x e k 2 −n l 2 t/ n 1 2M k 2 1 / n 1 L −1 A n c n−1 n −1/n 4.1 for x, t ∈ Ω×R , where c n C n if n ≥ 1, c n D n if n < 1, R 2 satisfying R 2 log R 2 ≥ 2 m−k 1 /m,for x, t ∈ Ω × R , u k 1 t ≥ k 1 l 1 2 R k 1 e k 1 l 1 t log 1 − ϕ m x e k 1 −m l 1 t/m R 2 k 1 ≥ k 1 l 1 2 R k 1 e k 1 l 1 t log R 2 k 1 ,∇ m u·ν ≥ R m 1 e k 1 l 1 t c m−1 m A m 1 R 2 m , ∇ n v·ν ≥ λ 2M n k 2 1 / n 1 e n k 2 1 l 2 t/ n 1 ; u α v p ≤ R 1 log 1 R 2 α 2M p e αl 1 t pl 2 t , u q v β ≤ R 1 log 1 R 2 q 2M β e ql 1 t βl 2 t .
4.3
Since pq < m − α n k 2 1 / n 1 − β , by Lemma 2.7 there exist two positive constants
n−1 n −1/n }. By arguments in Lemma 3.1,for x, t ∈ Ω × R , we have
On the other hand, since pq ≤ k 1 − α n k 2 1 / n 1 − β , there exist two positive constants l 1 , l 2 such that Proof. We first prove that there exist l 1 ≥ 1, l 2 ≥ 1 such that 
